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Abstract 
The algorithm based on the Newmark scheme that is written in the high-level Python programming language is applied for 
solution of vehicle-bridge interaction. NumPy as an extension to the Python is used to solve mathematical problems. 
Employment of the contact conditions is a crucial part of the algorithm which is based on the solution of the contact forces. Their 
values generate with regard of the mutual position of the contact points for both vehicle and bridge. The contact forces are 
defined as a loading on both model of the bridge and model of the vehicle in the place where the contact is defined. The results of 
the solution are compared with the results of the experimental measurement for the same conditions. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical 
Foundation of Civil Engineering. 
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1. Introduction 
The algorithm based on the Newmark scheme with the contact algorithm applied to the solution of the vehicle-
bridge interaction is presented in the article. The Newmark scheme is often used to solve dynamic problems as it 
has second order accuracy. In the case of vehicle-bridge interaction, the contact conditions are a crucial part of the 
algorithm and their proper definition influences the quality of the solution. The contact conditions are defined via 
the contact forces that values depend on the mutual position between the contact point of the vehicle model and 
 
 
* Corresponding author. Tel.: +421 41 513 5616 
E-mail address: jan.kortis@fstav.uniza.sk 
 2016 Published by Elsevier Lt . This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical Foundation 
of Civil Engineering”.
299 Ján Kortiš and Luboš Daniel /  Procedia Engineering  153 ( 2016 )  298 – 303 
the contact surface of the model of the bridge. The response in the form of deflections in the middle of the span 
was used to compare results of the numerical solution with the results of the analytical solution and experimental 
measurement.  
2. Description of the numerical algorithm 
Two systems of linear differential equations are necessary for mathematical formulation of the mechanical 
problem which defines the vehicle-bridge interaction. The first one is for definition of mechanical characteristics of 
the vehicle and the second system is for the definition of the bridge. The Euler-Bernoulli beam elements are 
employed to define the beam model of the bridge. The mechanical characteristics of the bridge are derived from the 
material and geometric characteristics of a real bridge structure. The material parameters are defined by Young’s 
modulus E=28 GPa, Poisson’s ratio ȝ=0.3 and the shape of the bridge is defined by the cross-section which 
geometry is formulated via moment of inertia Iyy=2.7 m4and area of the cross-section A=9 m2. The weight of the 
bridge per meter is 19000 kg.m-1. The span of the bridge is 29 m. 
 
 
Fig. 1. The cross-section of the bridge 
Global mass and stiffness matrices that are used in equations that define model of the bridge are assembled with 
use of local mass and stiffness matrices of the beam. They are formulated with regards to the previous assumptions. 
One hundred elements with the length 0.29 m are used for discretization of the model. 
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Rayleigh damping with two parameters Į = 0.246 and ȕ = 0.000407 is applied for calculation of global damping 
matrix with use of the following equation. The damping characteristics were obtained from the results of the 
experimental measurement. Damping matrix is formulated as an addition of the global mass matrix and the global 
stiffness matrix that are multiplied by two parameters. 
ሾ ܥீ ሿ ൌ ߙሾ ܯீ ሿ ൅ ߚሾ ܭீ ሿ,        (2) 
The vehicle is formulated as a model which has two degrees of freedom. The mass of the model is defined with 
two values m1 = 17400 kg, m2 = 2140 kg. The two stiffness characteristics are k1 = 3739448 N/m, k2 = 10045440 
N/m and damping characteristics b1 = 260197 kg/s, b2 = 10988 kg/s. The model of the vehicle is formulated as a 
system that contains two equations (3). They are defined in the time t+ѐt and they do not include the characteristics 
of the second spring k2 and b2because they are used to calculate a contact force ܨ௖௢௡௧. This is applied to the system 
as a loading on the right side of the equation.  
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Fig. 2. Numerical model of the vehicle 
The value of the contact force depends on the mutual position of the contact point and the position of bended beam 
elements of the bridge. The contact point on the model of the vehicle is defined in the lower point of the second 
spring. The contact force arise if the following condition is satisfied and for other cases it is equal to zero. This 
means that the tension in the second spring is not allowed 
                                                             ݑ௩௘௛௧ାο௧ ൏ ݑ௧ାο௧ ௕௘௔௠Ǥ                                                                   (4) 
Where uveh is the vertical displacement of the contact point that is on the model of the vehicle and ubeam is the 
deflection of the bridge in the place where the contact point on the bridge is positioned. The contact force is then 
obtained with the formula where the damping force is neglected 
             ܨ௧ାο௧ ௖௢௡௧ ൌ ݇ଶǤ ሺ ݑ௧ାο௧ ௕௘௔௠ െ ݑ௩௘௛௧ାο௧ ሻ.                                                        (5) 
3. Analytical solution 
The numerical approaches presented in the paper are compared with the analytical solution. The used analytical 
solution describes the moving load only as a force F=19.54 kN moving over supported beam. The equation for 
motion for any point and moment in time with the assumption of only light damping ȕ=0.1 is given by formula 
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If Į = Ȗ, and Ȗ = 1, 2, 3…, 
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The circular angular frequency of the loads velocity v, i.e. converting the horizontal load velocity into an angular 
velocity 
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4. Description of the experimental solution 
The experimental measurement was done to evaluate the results of numerical simulation. The response of the 
bridge to the vehicle moving on it was observed. The sensors BOSCH-269 for measuring of relative deflections 
were used to measure the deflection in the middle of the span. The sensors are connected with the steel wire that is 
mounted at the bottom of the bridge. The wire loaded with the concrete brick hanged on it followed any deflection 
of the bridge and its movement is measured in the place where the sensor is connected with.  
 
 
 
Fig. 3. The scheme of points on the bridge where were measured the deflections 
The lorry carried gravel, with the same weight as the model with two degrees of freedom, moves on the bridge at the 
speed of 2.33 ms-1. The speed was constant while it was moving on the bridge as it accelerated to the required speed 
before the bridge and the driver started to brake at the moment when it passed the bridge. 
 
Fig. 4. The vehicle moving on the bridge 
5. Comparison of the results 
The analytical solution is compared with the numerical solution in order to check if there are not any significant 
numerical mistakes in the solution. The results that are presented in the Fig. 5 show that the response of the bridge is 
almost the same for both cases. It means that the numerical solution gives similar results even though that there is 
used model of the vehicle with two degrees of freedom in contrast with only a moving force that loads the analytical 
model. This means that both approaches are equal if there are no irregularities and the other special boundary 
conditions defined in the solution. The value of the contact force remains the same in each position on the bridge. If 
there were irregularities, the value of the contact force would change and its value depends on the shape of 
irregularities. 
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Fig. 5. Comparison of analytical and numerical solution 
 
The last step in the process of evaluation of the numerical solution is to compare the results of the numerical 
solution with the results of experimental measurements. The changes of the deflection in time while the vehicle 
moves on the bridge are similar to the deflection that is obtained from the numerical solution. This proves that the 
mechanics characteristics of both models are equal. The changes are only in the moment when the vehicle comes on 
the bridge and in the moment when the vehicle leaves the bridge. The simplification of the model of vehicle where 
only one loading point is defined is the reason for that because it does not formulate the loading in three points as it 
is for real structure. 
 
 
Fig. 6. Comparison of analytical and numerical solutions 
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6. Conclusions 
There are many different ways how to obtain the solution of response of the bridge to the vehicle moving on it. In 
the article there is presented a numerical solution where the model of the vehicle with two degrees of freedom is 
employed. The comparison of numerical solution with analytical solution shows that there are not any significant 
mistakes that could ruin the numerical solution. The comparison with the experimental solution also shows that the 
mechanical characteristics of model of the vehicle as well as model of the bridge are good and the response of the 
bridge in the middle of the span is equal to the response of real bridge structure. 
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